A central element of the complex group algebra CG which is a zero divisor in the W* group algebra W(G) is also a zero divisor in CG. As a corollary, if K is a field of characteristic zero, G is a group, A is an abelian normal subgroup of G, and R is the Ore localization of KG obtained by inverting all nonzero elements of KA, then all matrix rings over R are directly finite and R has the invariant basis property.
Since a zero divisor in a group algebra must, in fact, be a zero divisor in the group algebra of its support group, and similarly for the corresponding W* algebras (cf. the reductions in the proof of the theorem), we obtain COROLLARY 1. If H is a subgroup of G and z is a central element ofCH which is a zero divisor in W(G), then z is a zero divisor in CH.
Since the group algebra of a free abelian group has no nonzero zero divisors, we also have COROLLARY 2. If A is a nontrivial, torsion-free, abelian subgroup of G, then every nonzero element of CA is a nonzero divisor in W(G).
The methods of [1] then apply to give (1 will denote the identity of every group appearing.) Let H be the subgroup of G generated by the support of z. It then follows from the above remarks and grouping by cosets that za' -0 where 0 ^ a' -¿ZgeH °£>0 e W(H). Since z is central, H is an FC group: every element has only finitely many conjugates. Thus it suffices to consider the case when G is a finitely generated FC group. Such groups have the property that G+ = {g G G\g has finite order} is a finite normal subgroup such that G/G+ is torsion-free abelian [2, Lemma 4.1.5(iii)].
Let gx,..., gn be a fixed set of free abelian generators for G/G+. Let T -{aG C | |a| = 1}, the circle group. Each 7 = (71,..., 7n) G Tn defines a homomorphism 7: G/G+ -> C* by 7(j71I ■ • -g%>) = 7^ ■••7*». This lifts to a homomorphism G -► C* which we also denote by 7. This in turn defines an automorphism of W(G) sending a = J2 ag9 to a1 = Y aglÍ9)9-(This is a group action of Tn on W(G).)
Since 2 is a zero divisor in W(G), ze = 0 for some nonzero projection e = e* = e2 G W(G). Since z is central, e is central. It is enough to produce e so that this is nonzero whenever I7 -1| < e. Now k"|->0.
Since this converges, there is a finite subset S oí G such that REMARKS. 1. If G is finitely generated free abelian, the theorem may be proved via Fourier transforms. Briefly, a suitable version of the Plancherel Theorem says that (i) the idempotent e acting on L2(G) corresponds to the operator in L2(G) -L2(Tn) given by multiplication by the characteristic function \a of some set A, and (ii) z = Y Sg9 corresponds to the function 2(7) = Yl Siliç)-The equation ze = 0 translates to z\a = 0, which implies 2(7) = 0 for all 7 G A. Since 2 is a finite sum, A must have measure zero, forcing e = 0. The more algebraic proof given above was motivated by this Fourier transform argument as follows. If A has positive measure, its intersection with a translate by 7 sufficiently close to 1 must intersect A in a set of positive measure. The characteristic function of the translate corresponds to e1 ; the characteristic function of the intersection corresponds to ee1.
2. The referee has pointed out that it is, in fact, possible to reduce to the case of a finitely-generated, torsion-free, abelian group as follows. The finitely-generated FC group has a finitely-generated, torsion-free, central subgroup N of finite index. Letting Y = KN -{0}, R = (i7Ä")[F_1] is artinian. Thus if 2 is not a zero divisor in R, 2 has an inverse xzq1 in R, where zq G Y. Since 2 is a zero divisor in W(G), 2n is a zero divisor in W(G), hence in W(N). This permits a slight simplification in the notation of the remainder of the proof.
3. We have learned since submitting this paper for publication that S. Rosset has independently given a proof (using trigonometric polynomials) of Corollary 3.
